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Abstract. The present paper discusses the stimulated emission, in strong coupling regime, of an atom
embedded inside a one dimensional (1D) Photonic Band Gap (PBG) cavity which is pumped by two
counter-propagating laser beams. Quantum electrodynamics is applied to model the atom-field interaction,
by considering the atom as a two level system, the e.m. field as a superposition of normal modes, the
coupling in dipole approximation, and the equations of motion in Wigner-Weisskopf and rotating wave
approximations. In addition, the Quasi Normal Mode (QNM) approach for an open cavity is adopted,
interpreting the local density of states (LDOS) as the local density of probability to excite one QNM of the
cavity; and therefore rendering this LDOS dependent on the phase difference of the two laser beams. In this
paper we demonstrate that the strong coupling regime occurs at high values of the LDOS. In accordance
with the results of the literature, the emission probability of the atom decays with an oscillatory behaviour,
so that the atomic emission spectrum exhibits two peaks (Rabi splitting). The novelty of this work is that
the phase difference of the two laser beams can produce a coherent control of both the oscillations for the
atomic emission probability and, as a consequence, of the Rabi splitting in the emission spectrum. Possible
criteria to design active delay lines are finally discussed.
PACS. 42.50.Hz Strong-field excitation of optical transitions in quantum systems; multiphoton processes;
dynamic Stark shift – 32.80.Qk Coherent control of atomic interactions with photons – 42.70.Qs Photonic
bandgap materials – 42.79.Sz Optical communication systems, multiplexers, and demultiplexers
1 Introduction
It has been theoretically [1] and experimentally [2] demon-
strated that emission processes, besides reflecting inherent
properties of the atom, are sensitive to eventual boundary
conditions and for example can be modified in a cavity
whose size is comparable with the wavelength of the emit-
ted light. This modification, including both enhancement
or inhibition of emission processes, stems from the alter-
ation of the field mode structure in the cavity with respect
to that exhibited in free space. These effects are accounted
for by considering the interaction between the atom and
cavity modes [3].
When the density of states (DOS), interpretable as the
density of probability to excite one eigenstate of the e.m.
field, turns out to be a smooth function of frequency over
the spectral range of the atomic transition, the rate of
emission is described by Fermi’s golden rule. On the other
hand, abrupt changes in the DOS and photon localization
effects [4] may drastically modify the emission dynamics.
These modifications can be viewed as long time memory
a e-mail: messina@fisica.unipa.it
effects and manifestations of non-Markovian behaviour in
the atom-reservoir interaction.
Strong modification in the DOS can be realized by
means of photonic crystals which are dielectric materi-
als characterized by refractive indices exhibiting strong
periodic modulation leading to the appearance of not al-
lowed [5] frequency bands (photonic band gap). Within a
photonic band gap (PBG), the DOS is zero by definition.
It has been suggested that the existence of such conditions
might be accompanied by the inhibition of single-photon
emission, classical light localization, a photon-atom bound
state, fractionalized single-atom inversion, and anoma-
lously large vacuum Rabi splitting [6].
The spontaneous decay of a two-level atom coupled to
a narrow cavity resonance has been investigated rigorously
in terms of the (Hermitian) modes of the “universe” rather
than the (dissipative) quasi modes of the cavity by Lai
et al. [7]. Special attention is paid to the strong-coupling
regime (atomic line-width Γ nearly equal to cavity reso-
nance width γ), in which there are significant corrections
to the golden rule. In particular, spontaneous emission de-
cays rapidly for intermediate values of the quality factor
Q of the cavity resonance.
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In this paper, the emission processes in a 1D open cav-
ity are analysed on the basis of the theory presented in ref-
erence [7]. In particular we discuss, in the strong coupling
regime the stimulated emission of an atom located within
a 1D-PBG cavity pumped by two counter-propagating
laser beams. As in reference [7], quantum electrodynam-
ics is applied to model the atom-e.m. field coupling, by
considering the atom as a two level system, the e.m. field
a superposition of normal modes, the coupling in dipole
approximation, and the equations of motion in Wigner-
Weisskopf and rotating wave approximations. With re-
spect to reference [7], the Quasi Normal Mode (QNM)
approach for an open cavity is adopted: this means that
the local density of states (LDOS) is interpreted as the lo-
cal density of probability to excite one QNM of the cavity
and as a consequence this local DOS becomes depending
on the phase difference of the two laser beams.
1.1 Quasi Normal Modes (QNMs)
The problem of the field description inside a leaky cavity
has been discussed by several authors. In particular Leung
et al. [8] have introduced the description of the electro-
magnetic field in a one-side open and homogeneous cavity
in terms of QNMs. Because of the leakage, the QNMs
are characterized by complex eigenfrequencies and form
an orthogonal basis only inside the cavity, according to a
non-canonical metric.
In reference [9], the QNM treatment has been extended
to double-side open and non-homogeneous cavities, in par-
ticular to 1D-PBG cavities.
A leaky cavity, viewed as a dissipative system, cannot
be quantized [11] unless one considers the bath being part
of the total universe in which energy is conserved [12]. Ho
et al. [10] already made an essential first step towards the
application of QNMs to cavity quantum electrodynamics
phenomena.
In reference [13], the second quantization scheme based
on the QNM theory has been extended to 1D-PBGs. In
reference [14], the second QNM quantization is applied
to 1D-PBGs, excited by two counter-propagating pumps.
The QNM commutation relations are not canonical and in
addition they depends on the geometry of the open cav-
ity and the phase-difference of the two pumps. In refer-
ence [15], the QNM theory is applied to discuss the stim-
ulated emission, in weak coupling regime, for an atom,
embedded inside a 1D-PBG, pumped by two counter-
propagating laser beams. The main result of reference [15]
is that the decay-time depends on the position of the
dipole inside the cavity and can be controlled by the
phase-difference of the two laser beams. Such a system is
relevant for a single-atom, phase-sensitive, optical memory
device on the atomic scale.
In this paper, the strong coupling regime is consid-
ered discussing the stimulated emission of an atom em-
bedded inside a 1D-PBG cavity pumped by two counter-
propagating laser beams. The main results of the paper
consists in the demonstration that the strong coupling
regime may be defined as the one associated to high val-
ues of the LDOS. We moreover find that, in accordance
with the results of the literature, the emission probability
of the atom decays with an oscillatory behaviour, so that
the atomic emission spectrum is splitted into two peaks
(Rabi splitting). The novelty of our paper with respect to
previous results appeared in literature is that the phase
difference of the two laser beams can be used to realize
a coherent control of both the oscillations of the atomic
emission probability and the Rabi splitting charactering
the emission spectrum. Finally, some criteria are proposed
to design the active cavity consisting of the 1D-PBG plus
the atom as an active delay line: suitable phase differences
between the two laser beams allow to obtain a high trans-
mission in a narrow pass band for a delayed pulse.
In Section 2, the coupling of an atom to an e.m. field
is modelled via quantum electrodynamics equations, in
analogy with the theory of an atom in the free space. In
Section 3, the atom is embedded inside a leaky cavity; the
LDOS is interpreted as the local density of probability to
excite one QNM. In Section 4, the emission processes of
the atom are modelled; in the stimulated emission, the
LDOS depends on the phase difference of two counter-
propagating laser beams. In Section 5, the emission prob-
ability of the atom is discussed in strong coupling regime.
In Section 6, the emission spectrum of the atom is char-
acterized in terms of its poles. In Section 7, we propose
some criteria to design an active delay line. In Section 8
some conclusive remarks are reported and discussed.
2 Coupling of an atom to an e.m. field
Let us consider an atom, coupled to an e.m. field in the
point x0 ∈ U , inside a one dimensional (1D) universe U =
{x|x ∈ [−L/2, L/2], L → ∞} of refractive index n0, and
an open cavity C = {x|x ∈ (0, d), d < L/2}, with an
inhomogeneous refractive index n(x).
The atom is quantized as a two level system, oscillating
at resonance Ω [11]. The e.m. field is quantized in terms

















where ρ0 = (n0/c)2, being c the speed of the light in vac-
uum. The atom is modelled by the dipole operator µ [11]
along the polarization direction of the e.m. field, and the
electric dipole approximation [12] is used to describe the
coupling of the atom to the e.m. field.
At the initial time (t = 0), the atom is prepared in the




|0λ〉. With the above initial conditions, the
system dynamics may be described using the basis states
listed below, with their corresponding eigenvalues [7]:
|+, {0}〉 = |+〉|{0}〉, ε+
|−, 1λ〉 = |−〉|1λ〉, ε− + ωλ, λ ∈ Z. (2.2)
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where |+, {0}〉 denotes the state for which the atom is in
the upper state, and no photon exists in any e.m. mode;
and |−, 1λ〉 denotes the state for which the atom is in the
lower state, one photon exists in the λth e.m. mode, while
no photon exists in all the other e.m. modes.
2.1 Quantum electrodynamics equations
Assuming the initial condition |+, {0}〉, the state of the
atom-field system at a time instant t > 0, may be cast as
follows:




where the probability amplitudes c+(t) and c−,λ(t) such
that c+(0) = 1 and c−,λ(0) = 0 are introduced. The ro-
tating wave approximation [12] is assumed. Starting from
the time evolution equations for the probability ampli-





















g∗λ(x0)c+(t) exp[i(ωλ − Ω)t],
(2.4)
we may formally integrate the second one getting the fol-














c+(τ) exp[i(ωλ − Ω)(τ − t)]dτ, (2.5)
where ε0 is the dielectric constant in vacuum and M =
|〈+|µ|−〉|2.
A correspondence can be established between the dis-
crete modes of a 1D cavity with length L and the contin-
uous modes of a boundless universe with infinite length
L → ∞. The mode spectrum becomes continuous as
L → ∞, because of ∆ωλ = π/(L/2)√ρ0 ≈ dω → 0. In
this limit, sums over discrete indices may be converted









where σ(loc)(x, ω) is the local density of states (LDOS) in-
terpretable as the density of probability that the e.m. field,
in the point x, is excited on just one eigenstate, oscillating
around the frequency ω [16]. The range of integration over
ω in the expression (2.6) strictly extends only from 0 to
∞, since the physical frequencies are defined to be pos-
itive. However, the range can be extended from −∞ to
∞ without significant errors, since most optical experi-
ments use a narrow band source B [17], i.e. B 	 ωc, ωc
being the central frequency of the bandwidth B. Thus, the






dτ · K(x0, t − τ)c+(τ), (2.7)
K(x, t) being the kernel function, defined as:






From (2.8) the kernel function depends very strongly on
the LDOS through σ(loc)(x, ω) which can be reinterpreted
as the photon density of states in the reservoir. In essence,
equation (2.8) is a measure of the photon reservoir’s mem-
ory of its previous state, on a time scale of evolution of the
atomic system, so K(x, t) can be interpreted as memory
kernel of the reservoir.
2.2 Atom in the free space
If the atom is localized at a point x0 which is outside the
open cavity, i.e. x0 < 0 or x0 > d, then the local DOS
σ(loc)(x, ω) is referred to the free space [12,15]:





The emission probability of the atom decays exponentially
in the free space,
|c+(t)|2 = exp(−Γ0t), t ≥ 0, (2.10)





















Since the free space is an infinitely broad photon reservoir
(flat spectrum), its response should be instantaneous and
the memory effect, associated with emission dynamics, is
infinitesimally short compared to all time intervals of in-
terest. Such interactions are said to be Markovian [12]. In
other words, in the free space, the population of the ex-
cited state eventually decays to the ground level, indepen-
dent of the strength of a driving field. This is a general
result valid for almost any broadband smoothly varying
DOS.
In view of the analysis of the next section we now in-










which may be interpreted as degree of atom-field coupling,
the kernel function (2.8) being expressible as:






dω · ωσ(loc)(x, ω) exp[−i(ω − Ω)t].
(2.13)
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3 Atom inside an open cavity
Let us suppose 0 < x0 < d, corresponding to the atom
embedded in a point x0 of the open and inhomogeneous
cavity with refractive index n(x). If the atom, with reso-
nance frequency Ω, is coupled to the nth QNM, oscillating
at frequency Re(ωn), then this coupling is characterized
by the frequency detuning:
∆n =
Re ωn − Ω
R
. (3.1)
3.1 Density of states (DOS) as density of probability
to excite one QNM
If two counter-propagating pumps are filtered at the
atomic resonance Ω ≈ Re ωn, only the nth QNM can be
excited and not the other QNMs, because only the nth
QNM oscillates at the frequency Re ωn within the nar-
row range 2|Im ωn| 	 |Re ωn|, so distant enough from
the other QNMs [9]. The local density of probability that,
around the point x, the e.m. field is actually excited on
the nth QNM is [15]
σ(loc)n (x, ω) =
1
In
σn(ω)ρ(x)|fNn (x)|2, ∀x|0 < x < d,
(3.2)
directly related to the (integral) density of probabil-
ity σn(ω) for the nth QNM. In equation (3.2), ρ(x) =
[n(x)/c]2, In denotes a suitable overlapping integral [13],
and fNn (x) = fn(x)
√
2ωn/〈fn|fn〉 is the normalized QNM
function, 〈fn|fn〉 being the QNM norm.
In order to discuss the spontaneous emission, the two
pumps are modelled as vacuum fluctuations, lying on the
ground state of the e.m. field [12–14]. Inside the open cav-
ity the (integral) density of probability that the nth QNM











(ω − Re ωn)2 + Im2ωn
. (3.3)












As from equation (3.3), the density of probability for the
nth QNM, due to vacuum fluctuations, is a Lorentzian
function, with real and imaginary parts of the nth QNM
frequency as parameters. The overlapping integral In is
related to the statistical weight of the nth QNM in the
DOS. In equation (3.4), the density of probability σ(I)n (ω)
is integrated also in the range of negative frequencies
ω ∈ [−Re ωn − |Im ωn|,−Reωn + |Im ωn|], since the QNM
frequency ωn, with Re(ωn) > 0, is represented also by
frequency ω−n = −ω∗n, with Re(ω−n) < 0 [9].
In order to discuss the stimulated emission, the two
pumps are modelled as two laser beams, lying on a coher-
ent state [12–14]. When the refractive index n(x) satisfies
the symmetry property n(d/2−x) = n(d/2+x), the den-
sity of probability that inside the cavity the e.m. field is
excited on the nth QNM can be expressed as [15]:
σ(II )n (ω) = σ
(I)
n (ω) [1 + (−1)n cos∆ϕ] . (3.5)
Equation (3.5) shows that the density of probability for
the nth QNM, due to two counter propagating laser
beams, can be controlled by the phase-difference ∆ϕ of
the two laser beams.
4 Emission processes of the atom
If the atom is at the point x0 of the open and inhomo-
geneous cavity, i.e. 0 < x0 < d, and the coupling with
electromagnetic field is confined only to the nth QNM
[ωn, fNn (x)] of the open cavity, then the local density of
probability σ(loc)n (x, ω), is linked to the integral density
probability σn(ω) by equation (3.2) and the emission pro-
cesses of the atom are characterized by a kernel function
K(x, t) which can be expanded as (see Eq. (2.13))







dω · ωσn(ω) exp[−i(ω − Ω)t], ∀x|0 < x < d.
(4.1)
4.1 Spontaneous emission: DOS corresponding
to vacuum fluctuations
If the open cavity is in presence of only vacuum fluctua-
tions, which are filtered at the atomic resonance Ω, close
to nth QNM frequency of the cavity (Ω ≈ Re ωn), then the
integral density of probability σ(I)n (ω) for the nth QNM
is expressed by equations (3.3, 3.4) and the spontaneous
emission of the atom is characterized by a time evolution
equation (see Eq. (2.7)) where the kernel function Kn(x, t)
can be specified as (see Eq. (4.1))
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Im2ωn + (ω − Re ωn)2
. (4.3)
The kernel function for the spontaneous emission process,
using equations (4.3–4.2), results:





αn(d · In)ωnρ(x)|fNn (x)|2
× exp[−i(ωn − Ω)t], ∀t ≥ 0. (4.4)













and then deriving once more equation (4.4), sampled in





= −i(ωn − Ω)K(I)n (x0, t), t ≥ 0, (4.6)
we have, after some algebra, a second order differential




+ i(ωn − Ω)dc+
dt








∝ c−,n(0) = 0. (4.7)
4.2 Stimulated emission: DOS depending on the phase
difference of two counter-propagating laser-beams
If the open cavity is coherently pumped by two counter
propagating laser beams with a phase difference ∆ϕ,
which are tuned at the atomic resonance Ω, closed to
the nth QNM frequency (Ω ≈ Reωn), then the density
of probability σ(II )n (ω) for the nth QNM, corresponding
to the two laser beams, is linked to σ(I)n (ω), calculated in
presence of vacuum fluctuations, by equation (3.5), and
the stimulated emission of the atom is characterized by a
kernel function Kn(x, ω), which can be specified as (see
Eq. (4.2))
K(II )n (x, t) = k
(I)
n (x, t) [1 + (−1)n cos∆ϕ] . (4.8)
In terms of the frequency detuning (3.1), the quantity
(ωn − Ω) can be re-expressed as (ωn − Ω) = (Re ωn −
Ω) + iImωn = R∆n + iIm ωn and the second order differ-
ential equation for the probability of emission becomes
d2c+
dt2
+ i(R∆n + iIm ωn)
dc+
dt
− Kn(x0, t = 0)c+(t) = 0.
(4.9)
5 Emission probability of the atom
The algebraic equation associated to the Cauchy prob-
lem (4.9), with initial conditions as in equation (4.7), i.e.
p2 + (R∆n + iImωn)p + Kn(x0, t = 0) = 0, (5.1)







1 − 4Kn(x0, t = 0)








p2 − p1 exp(ip1t) −
p1
p2 − p1 exp(ip2t). (5.3)
The coupling between atom and the nth QNM is estab-
lished in strong coupling regime when the particular inte-
gral (5.3) presents an oscillatory behaviour, and then the
two roots (5.2), of the associated algebraic equation (5.1),
are complex conjugated [7].
5.1 Strong coupling regime
Let us consider the spontaneous emission in order to dis-
cuss the atom — nth QNM coupling in strong regime.









n (x0, t = 0)
























Kn(x0, t = 0)













As from equation (5.5), the strong coupling regime is es-
tablished when the density of probability (3.3) inside the
open cavity and sampled at the atomic resonance, in units
of the DOS (2.9) referred to the free space, exceeds the
inverse of the atomic parameter R (see Eq. (2.12)). This
legitimates the interpretation of the parameter R as a de-
gree of atom field coupling:the more R is large, in fact,
the more equation (5.5) is satisfied. In the hypothesis of
strong coupling regime (5.5), the two roots (5.2) become
complex conjugated,




n (x0, t = 0), (5.6)
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n (x0, t = 0)t
]}
. (5.7)
In fact (see Eq. (4.4)) K(I)n (x0, t = 0) = −K(I)n (x0, t =
0). The oscillatory behaviour may be interpreted as the
emission and re-absorption of one photon; the net decay
rate is then determined by the rate of photon leakage, i.e.
|Im ωn|/2.
Now, let us consider the stimulated emission; again
the coupling between atom and the nth QNM can be
discussed in strong regime. If the two counter propagat-
ing laser beams have a phase difference ∆ϕ, the atom —
nth QNM coupling is characterized by the kernel func-
tion (4.8). In the hypothesis of strong coupling, expressed
by a condition similar to equation (5.5), the particular




























where K(II )n (x0, t = 0) is connected to the phase difference
∆ϕ by equation (4.8). The number of oscillations for the
atomic emission probability depends on the position of the
atom inside the cavity and can be controlled by the phase-
difference of the two laser-beams. The following condition,
1 + (−1)n cos∆ϕ = 0, (5.9)
is verified whether the atom is coupled to an odd QNM,
i.e. n = 1, 3, . . . and the two laser beams are in phase, i.e.
∆ϕ = 0, or the atom is coupled to an even QNM, i.e. n =
0, 2, . . . and the two laser beams are opposite in phase,
i.e. ∆ϕ = π. If equation (5.9) is satisfied, the emission
probability is over-damped inside the whole cavity; even
if in strong coupling, no oscillation occurs (see Eq. (5.8)):




















6 Emission spectrum of the atom
At the initial time (t = 0), the atom, located in the point
x0, is in its upper state and no photon exists in any normal
mode, i.e. c+(x0, t = 0) = 1; when the atomic decay has
occurred (t = ∞), the coefficient of probability c−,λ(x0, t)
to find the atom in its lower state and one photon in the
λth e.m. mode and no photon in all the other modes can
be derived from equation (2.4):









c+(x0, t) exp [i(ωλ − Ω)t] dt. (6.1)







c+(x0, t) exp(−st)dt, (6.2)
equation (6.1) is also re-expressed as:







2πC+ [x0, s = i(ωλ − Ω)] . (6.3)
If the decay has occurred (t = ∞), the atomic emis-
sion spectrum can be defined as the density of proba-
bility that the atom in the point x0 has emitted at the
frequency ω [7],
W (x0, ω) =
∞∑
λ=1
|c−,λ(x0, t = ∞)|2δ(ω − ωλ), (6.4)
δ(t) being the delta distribution of Dirac. Inserting equa-
tion (6.3) into equation (6.4), yields








× |C+ [x0, i(ωλ − Ω)]|2δ(ω − ωλ). (6.5)
If, according to equation (2.6), sums over discrete quanti-
ties are converted to integrals over continuous frequencies,
using Dirac’s delta properties, emission spectrum (6.5) can
be reduced as
W (x0, ω) = α′ · R2√ρ0 ωσ
(loc)(x0, ω)2π|C+ [x0, i(ω − Ω)]|2,
(6.6)
α′ being a suitable constant of normalization and
σ(loc)(x, ω) the local density of states (DOS). The atomic
parameter R is defined in equation (2.12).
The frequency range can be extended from −∞ to
∞ without significant errors, since most optical experi-
ments use a narrow band source [17]; the normalization
constant α′ can be obtained applying the closure relation
∫ ∞
−∞
W (x0, ω)dω = 1 (6.7)
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directly coming from the probabilistic interpretation of
emission spectrum (6.6). Let us suppose 0 < x0 < d
and n(x0) > n0, so that the atom is embedded in-
side the open cavity with inhomogeneous refractive in-
dex ρ(x) = [n(x)/c]2. The atom, having resonance fre-
quency Ω, is assumed to be coupled with the nth QNM,
oscillating at the frequency Reωn; the coupling between
atom and the nth QNM is characterized by the frequency





Wn(x0, ω)dω = 1. (6.8)
In equation (6.8), the integral over the positive frequencies
is multiplied by a factor 2 for including the contribution
of the negative frequencies (see comments after Eq. (3.4)).
As from equation (3.2), the local density of probabil-
ity σ(loc)n (x, ω) for the nth QNM is proportional to σn(ω).
Inserting equation (3.2) in equation (6.6), the atomic emis-
sion spectrum becomes:








× ωσn(ω)2π|C(n)+ [x0, i(ω − Ω]|2 (6.9)
α′n being normalization constant which satisfies equa-
tion (6.8).
The emission processes of the atom are characterized
by a kernel function Kn(x, t) which, in this case, can be
written as reported in equation (4.4) and, for stimulated
emission as in equation (4.8). Inserting equation (4.4) in












2π|C(n)+ [x0, i(ω − Ω)]|2. (6.10)
As from equation (6.10), the emission spectrum Wn(x0, ω)
depends on the density of probability σn(ω), as well as on
the initial value of the kernel function K(I)n (x0, t = 0).
By using Laplace transformation of the Cauchy prob-
lem (4.9), with initial conditions given by equation (4.7),
we finally have [18]:
C
(n)
+ (x0, iξ) =
− i√
2π
ξ + R∆n + iImωn
ξ2 + (R∆n + iIm ωn)ξ + Kn(x0, t = 0)
, (6.11)
where ξ is the shifted frequency (ω − Ω), Ω denoting the
atomic resonance.
6.1 Poles of the emission spectrum
The emission spectrum of the atom can be described in
terms of the poles, p1 and p2, which solve equation (5.1)
and are expressed in equation (5.2). Under the hypothesis
of strong coupling regime (see Eq. (5.5)), the atomic emis-
sion spectrum Wn(x0, ξ), that is a function of the shifted
frequency ξ = (ω −Ω), is characterized by two peaks, ap-
proximately centred in the resonances Re p1 and Re p2
and with bandwidths linked to 2|Im p1| and 2|Im p2|; so, a
Rabi splitting occurs, the two peaks being separated by:
∆ξ = Re p1 − Re p2. (6.12)
Let us consider stimulated emission processes. The two
counter propagating laser beams have a phase difference
∆ϕ, so the emission spectrum Wn(x0, ξ) is described by a
kernel function Kn(x0, t = 0) linked to ∆ϕ (see Eq. (4.8)).
As result, the Rabi splitting, besides depending on the
position of the atom inside the cavity, can be controlled
by the phase-difference of the two laser-beams.
If the operative condition defined by equation (5.9)
is almost verified, i.e. Kn(x0, t = 0) ≈ 0, the spectrum
Wn(x0, ω), function of the pure frequency ω, is reduced
to two almost superimposed pulses: a Lorentzian function
centred in the nth QNM frequency Re ωn, with a band-
width 2|Imωn|, superimposed to a Dirac distribution in
the atomic resonance Ω ≈ Reωn, i.e. (see Eqs. (3.3–3.5))
Wn(x0, ω) ≈ σ(II )n (ω) +
α′′n
d
δ(ω −Ω) → δ(ω −Ω), (6.13)
where α′′n is normalization constant satisfying condi-
tion (6.8). In fact, the two poles, ω1 and ω2, are so sim-
plified (see Eqs. (3.1) and (5.1, 5.2)):
ω1 ≈ Re ωn + iIm ωn
ω2 ≈ Ω. (6.14)
7 Criteria to design an active delay line
Let us specify a photonic crystal (PC) as a symmetric
Quarter-Wave (QW) 1D-PBG cavity to which the QNM
theory has been applied in reference [9] and subsequent
papers. Let us consider a symmetric QW 1D-PBG cavity
with parameters λref = 1 µm, N = 5, nh = 2, nl = 1.5
(see Fig. 1). This cavity is chosen because, it provides
a simple physical situation within which to discuss some
criteria for a design of an active delay line. Let us lo-
cate an atom in the centre of the 1D-PBG, i.e. x0 = d/2
(see Fig. 1). As discussed in reference [13], for a sym-
metric QW 1D-PBG cavity with ωref as reference wave-
length and N periods, the [0, 2ωref ) range includes 2N +1
QNMs which, excluding ω = 2ωref are identified as |n〉,
n ∈ [0, 2N ]. If the atom is located in the centre x0 of the
1D-PBG cavity, it can be coupled to just one of the QNMs
with an even n: since in this position the QNM intensity
|fn|2 has a maximum for even values of n and is almost
null for odd value of n.
The active cavity, consisting of the 1D-PBG cavity and
one atom inside, is characterized by a global transmission
spectrum G(x0, ω) which is the product between the trans-
mission spectrum of the 1D-PBG |t(ω)|2 and the emission
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Fig. 1. Symmetric Quarter-Wave (QW) one dimensional (1D)
Photonic Band Gap (PBG) cavity with λref = 1 µm as ref-
erence wavelength, N = 5 periods, consisting of two layers
with refractive indices nh = 2 and nl = 1.5 and lengths
h = λref /4nh and l = λref /4nl. Terminal layers of the symmet-
ric QW 1D-PBG cavity with parameters: nh and h = λref /4nh.
Length of the 1D-PBG cavity: d = N(h + l) + h. One atom is
embedded in the centre of the 1D-PBG, i.e. x0 = d/2.
spectrum W (x0, ω) of the atom [in units of s], i.e.
G(x0, ω) = W (x0, ω)|t(ω)|2 [in units of s]. (7.1)
A “density of coupling” (DOC) for the active cavity
σC(x0, ω) can be defined as the density of probability that
the atom, embedded in the point x0, is coupled to just
one QNM, oscillating around the frequency ω; the DOC
σC(x0, ω) [in units of s2/m] is the product between the
DOS σ(ω) [in units of s/m] and the atomic emission spec-
trum W (x0, ω). Moreover, an “acceleration of coupling”










[in units of m/s2],
(7.2)
where v(ω) = 1/σ(ω). In order to design the active cavity
as an ideal delay line, the input pulse must be retarded
with an high amplification but without any distortion: in
a narrow pass band, the global transmission (7.1) must
assume an high value and the acceleration of coupling (7.2)
a quasi constant value.
As reported above, the atom embedded in the centre
of the symmetric QW 1D-PBG cavity with N = 5 periods
(Fig. 1) can be coupled only to one QNM, oscillating next
to an even transmission peak n = 0, 2, . . . , 2N . Let us
suppose that the atom is coupled to the (N + 1)th QNM,
next to the high frequency band edge, so the quality factor
of the 1D-PBG cavity is
QN+1 =
Ω
|Im ωN+1| , (7.3)
being Ω the resonance frequency of the atom. Let us as-
sume to be in strong coupling regime; the directories for






Γ0 denoting the decay rate of the atom in vacuum, and by
a suitable value of the frequency detuning for the atom —
(N + 1)th QNM coupling,
∆N+1 =
Re ωN+1 − Ω
R
. (7.5)
In case of spontaneous emission, if a perfect tuning is as-
sumed, i.e. ∆N+1 = 0, the atom oscillates at the frequency
of the (N + 1)th QNM, i.e. Ω = Re ωN+1. Thus there ex-
ists (see Figs. 2a and 2b) a suitable value of the coupling
degree R, i.e. R∗ = 0.002506, such that the two poles
(Eqs. (5.2) and (4.4)) of the emission spectrum of the atom
are distinct for R > R∗ or coincident for 0 < R < R∗. In
other words, for R > R∗, a Rabi splitting (see Fig. 3a)
occurs in the atomic emission spectrum (Eqs. (6.10, 6.11)
and (4.4)), and so an oscillatory behaviour (see Fig. 4a)
is present in the atomic emission probability (Eqs. (5.7)
and (4.4)); however, for 0 < R < R∗, the emission spec-
trum consists of two superimposed peaks, and so the emis-
sion probability is over-damped. In order to find a Rabi
splitting in strong coupling regime, consistent with exper-
iments (Γ0 ∼ |Im ωN+1|) [19], let us employ the degree of
coupling:




The two poles of the spontaneous emission spectrum,
shifted of the atomic resonance Ω, are ξ1 = 0.06383 +
i0.01770 and ξ2 = −0.06383 + i0.01995 in units of ωref
(see Figs. 2a and 2b). They describe, in resonance and
bandwidth, the two peaks of the emission spectrum, whose
maxima are W1 = 21.87 and W2 = 15.66 in units of
ωref (see Fig. 3a). Assuming that emission probability
vanishes after the second oscillation, the decay time is
τ = 94.3 in units of 1/ωref (see Fig. 4a). In this way,
the active cavity has been designed just as a not ideal op-
tical amplifier: an input pulse is amplified but distorted.
In the spontaneous emission case, in fact, as plotted in
Figures 5a and 5b there exists a narrow pass band, i.e.
ξ = ω − Ω ≈ (−0.06, 0.06) (in units of ωref ), where the
global transmission spectrum assumes relative high val-
ues, i.e. GC,N+1 ∈ (Gmin, Gmax = (2.881, 14, 43) in units
of 1/ωref , but the acceleration of coupling is subject to a
modulation around the value vC,N+1 = 0.03445 in units
of ωref /vref .
Let us consider now the case of stimulated emission;
the atom inside the symmetric QW 1D-PBG cavity is ex-
cited by two counter propagating laser beams, so that the
active delay line can be realized adding, as new degree of
freedom, the phase difference ∆ϕ of the two laser beams.
In case of stimulated emission, if a perfect tuning is as-
sumed, i.e. ∆N+1 = 0, the atom oscillates still at the fre-
quency of the (N + 1)th QNM, i.e. Ω = Re ωN+1. There
exists (see Figs. 2c and 2d) a suitable range of the phase
difference ∆ϕ, i.e. (∆ϕ1, ∆ϕ2) = (2.747, 3.524) in units of
rads, such that the two poles (Eqs. (5.2) and (4.8)) of the
emission spectrum of the atom are distinct for ∆ϕ < ∆ϕ1
and ∆ϕ > ∆ϕ2 but coincident for ∆ϕ1 < ∆ϕ < ∆ϕ2. In
other words, for ∆ϕ < ∆ϕ1 and ∆ϕ > ∆ϕ2, a Rabi split-
ting (see Fig. 3a) occurs in the atomic emission spectrum
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(a) (b)
(c) (d)
Fig. 2. If the atom embedded inside the 1D-PBG cavity of Figure 1 oscillates at the (N+1)th Quasi Normal Mode (QNM),
next to the high-frequency band edge [i.e. in perfect tuning ∆N+1, = 0, see Eq. (7.5)], the spontaneous emission in strong
coupling regime can be characterized by the two poles of the emission spectrum of the atom, which poles are shifted of the
atomic resonance Ω [see Eqs. (5.2) and (4.4)]; the real (Fig. 2a) and imaginary (Fig. 2b) parts, in units of the 1D-PBG reference
frequency ωref , are plotted as functions of the coupling degree R = Γ0/Ω, which is the ratio between the atomic decay-rate
in vacuum Γ0 and the resonance Ω [see Eq. (7.4)]. If two counter-propagating laser beams are tuned at the resonance Ω and




, see Eq. (7.3)), the stimulated emission in strong
coupling (for RN+1 = 1/QN+1, see Eq. (7.6)) can be characterized by the two poles of the atomic emission spectrum, which
poles are shifted of the resonance Ω [see Eqs. (5.2) and (4.8)]; whether the atom oscillating at the (N + 1)th QNM frequency
(i.e. in perfect tuning ∆N+1 = 0) or at a frequency in the band gap next to the high frequency band edge [i.e. in detuning case
∆N+1 = |Im[ωN+1]|
/
RN+1, see Eq. (7.9)], the real (Fig. 2c) and imaginary (Fig. 2d) parts, in units of the 1D-PBG reference
frequency ωref , are plotted as functions of the phase difference ∆ϕ between the two laser beams.
(Eqs. (6.10, 6.11) and (4.8)), and an oscillatory behaviour
(see Fig. 4a) is present in the atomic emission probability
(Eqs. (5.8) and (4.8)). For ∆ϕ1 < ∆ϕ < ∆ϕ2, the emis-
sion spectrum consists of two superimposed peaks and the
emission probability is over-damped. As a consequence,
the Rabi splitting and the oscillations of the decay time
can be controlled by the phase difference of the two laser
beams.
In order to obtain an ideal delay line by stimulated
emission, the two laser beams must exceed in quadrature,
i.e. ∆ϕ > π/2; with respect to spontaneous emission, the
emission spectrum is characterized by a narrower Rabi
splitting and the emission probability by a longer decay
time. So, the active cavity, consisting of the 1D-PBG plus
the atom, acts as an delay line, since the delay time of the
active cavity is linked with the decay time of the atom
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(a) (b)
Fig. 3. Referring to the atom embedded inside the 1D-PBG cavity of Figure 1, the emission spectrum of the atom, in units of
the 1D-PBG reference frequency ωref , is plotted as a function of the dimensionless shifted frequency ξ = (ω −Ω)/ωref , being Ω
the atomic resonance. The atom is coupled to the (N+1)th QNM frequency and the emission processes occur in strong coupling
regime [for RN+1 = 1/QN+1]. In tuning hypothesis, as from Figure 3a, the atomic emission spectrum for spontaneous processes
(see Eqs. (6.10, 6.11)) is compared with the stimulated emission spectrum (see Eqs. (6.10, 6.11)) when the 1D-PBG is pumped
by two laser beams with a suitable phase difference: ∆ϕ = (π/2) + (π/10) (see Eq. (7.7)). In the case of stimulated processes,
as from Figure 3b, the atomic emission spectrum in perfect tuning is compared with the emission spectrum in detuning case.
(a) (b)
Fig. 4. Referring to the atom embedded inside the 1D-PBG cavity of Figure 1, the emission probability of the atom is plotted
as a function of the normalized time ωref t, being ωref the 1D-PBG reference frequency. Referring to the operative conditions
of Figure 3: in tuning hypothesis, as from Figure 4a, the atomic emission probability for spontaneous processes [see Eq. (5.7)]
is compared with the stimulated emission probability [see Eq. (5.8)] when the 1D-PBG is pumped by two laser beams with a
suitable phase difference: ∆ϕ = (π/2) + (π/10); in the case of stimulated processes, as from Figure 4b, the atomic emission
probability in perfect tuning is compared with the emission probability in detuning case.
(Ref. [20]). Moreover, as discussed above, the phase dif-
ference must not exceed ∆ϕ1 = 2.747 (in units of rads),
otherwise the Rabi splitting tends to zero; by increasing
the phase difference with respect to ∆ϕ ≈ π/2, in the
time domain, the decay time becomes more long still and,
in the frequency domain, the global transmission (7.1)
is characterized by an high gain but the acceleration of
coupling (7.2) presents a narrow pass band aspect. So, if
∆ϕ → ∆ϕ1, the active cavity acts as a delay line which is
active but not ideal. Let conclude that the 1D-PBG cav-
ity should be pumped by two laser beams exceeding in
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(a) (b)
(c) (d)
Fig. 5. In order to design a delay line using the active cavity composed of the 1D-PBG cavity plus the atom (Fig. 1), the
delay line can be characterized by a global transmission [see Eq. (7.1)] and by a “coupling acceleration” [see Eq. (7.2)] of the
e.m. field; the global transmission, in units of the 1D-PBG reference frequency ωref , and the coupling acceleration, in units
of ωref /vref , being vref the group velocity of the e.m. field in vacuum, are plotted as functions of the dimensionless shifted
frequency ξ = (ω −Ω)/ωref , being Ω the atomic resonance. Referring to the operative conditions of Figure 3: in perfect tuning,
as from Figure 5a (Fig. 5b), the global transmission (the coupling acceleration) of the active delay line for spontaneous emission
is compared with the global transmission (the coupling acceleration) for stimulated emission when the 1D-PBG is pumped by
two laser beams with a suitable phase difference: ∆ϕ = (π/2) + (π/10); in the case of stimulated emission, as from Figure 5c
(Fig. 5d), the global transmission (the coupling acceleration) of the active delay line in perfect tuning is compared with the
global transmission (the coupling acceleration) in detuning case.
The two poles of the stimulated emission spectrum, shifted
of the resonance Ω, are ξ1 = 0.05205 + i0.01787 and
ξ2 = −0.05205 + i0.01978 (in units of ωref ) (see Figs. 2c
and 2d); with respect to spontaneous emission, the two
poles are closer by ∆ξ = 0.02356. They describe, in res-
onance and band width, the two peaks of the stimulated
emission spectrum, whose maxima are W1 = 14.36 and
W2 = 10.93 (in units of ωref ) (see Fig. 3a); with respect
to spontaneous emission, the two maxima are lower by
∆W1 = 7.51 and ∆W2 = 4.73. Assuming the emission
probability almost zero after the second oscillation, the
decay time of stimulated emission is τ = 113.5 (in units of
1/ωref ) (see Fig. 4a); with respect to spontaneous emis-
sion, this time is longer by ∆τ = 19.2. So, the phase
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difference of the two laser beams allows to control the
decay time of the atom and then the delay time of the ac-
tive cavity [20]. Now, a delay line has been designed, but
it is not quite ideal. An input pulse is retarded, ampli-
fied but a little distorted; as plotted in Figures 5a and
5b, with respect to spontaneous emission, there exists
a narrower pass band, i.e. ξ = ω − Ω ≈ (−0.04, 0.04),
where the global transmission spectrum assumes similar
values, i.e. GC,N+1 ∈ (Gmin, Gmax) = (3.270, 9.24) (in
units of ωref ), and, above all, the acceleration of coupling
is subject to a slight modulation, now around the value
vC,N+1 = 0.05310 (in units of ωref /vref ).
Let us finally consider stimulated emission in pres-
ence of some detuning: the atom inside the symmetric
QW 1D-PBG cavity is still coupled to the (N + 1)th
QNM, but does not oscillate any more at the (N + 1)th
QNM frequency. The design of the active delay line can
be improved varying, as last degree of freedom, the fre-
quency detuning for the atom — (N + 1)th QNM cou-
pling (7.5). In order to improve the active delay line, we
propose to apply the maximum detuning. The atomic res-
onance Ω is dropped inside the photonic band gap next
to the (N + 1)th QNM frequency Re(ωN + 1); the atom
is still coupled only to the (N + 1)th QNM if the atomic
resonance is at the most
Ω = Re ωN+1 − |Im ωN+1|, (7.8)








The two poles of the stimulated emission spectrum in de-
tuning case, shifted of the resonance Ω, have the real
parts Re(ξ1) = 0.03738 and Re(ξ2) = −0.07380 and the
imaginary parts Im(ξ1) = 0.01176 and Im(ξ2) = 0.02588
(both in units of ωref ) (see Figs. 2c and 2d); with re-
spect to the perfect tuning, the real parts are lower by
∆Re(ξ1) = 0.01467 and ∆Re(ξ2) = 0.02175, while one
imaginary part is lower by ∆Im(ξ1) = 0.00611 and the
other is higher of ∆Im(ξ2) = 0.0061. They describe, in
resonance and bandwidth, the two peaks of the stimulated
emission spectrum in the detuning case, whose maxima
are W1 = 38.83 and W2 = 0.2974 (in units of ωref ) (see
Fig. 3b); with respect to the perfect tuning, the first peak
is higher by ∆W1 = 24.47 and the second peak is lower
by ∆W2 = 10.63. Assuming the atomic emission probabil-
ity almost vanished after the second oscillation, the decay
time of stimulated emission (linked the delay time of the
active cavity) in the detuning case is τ = 111.2 (in units
of 1/ωref ) (see Fig. 4b); with respect to the perfect tun-
ing, the emission probability (and so the input pulse) is
slightly warped and retarded by ∆τ = 2.3.
At the end, an almost ideal delay line has been de-
signed. An input pulse is retarded, amplified and almost
not distorted; as plotted in Figures 5c and 5d, with re-
spect to stimulated emission in detuning case, there exists
a still narrower pass band, i.e. ξ = ω − Ω ≈ (0.02, 0.06),
where the global transmission spectrum assumes higher
values, i.e. GC,N+1 ∈ (Gmin, Gmax) = (6.005, 36.77) (in
units of 1/ωref ); above all, the acceleration of coupling
is not subjected to any modulation, but is almost con-
stant, i.e. vC,N+1 ∼= 0.007182 (in units of ωref /vref ):
as from Figure 5d, the modulation of the coupling ac-
celeration is shifted over the not used frequency range
ξ ≈ (−0.07, −0.04).
8 Conclusions and discussion
In this paper we have we have discussed in the strong
coupling regime stimulated emission processes of an atom
embedded inside a one dimensional (1D) Photonic Band
Gap (PBG) cavity, pumped by two counter-propagating
laser beams. Quantum electro-dynamics has been applied
to model the atom-field interaction, by considering the
atom as a two level system, the e.m. field in a superpo-
sition of its normal modes, the dipole approximation, the
equations of motion of Wigner-Weisskopf and the rotat-
ing wave approximation. The Quasi Normal Mode (QNM)
approach has been adopted for treating the open cavity
situation under scrutiny, interpreting the local density of
states (LDOS) as the local density of probability to ex-
cite one QNM in the cavity. In this way we get that this
LDOS depends on the phase difference of the two laser
beams as well as the main result that the strong coupling
regime may be associated to high values of the LDOS. In
addition we recover in the context of our approach the
well known result [20], according to which the emission
probability of the atom decays with oscillatory behaviour,
so that the atomic emission spectrum is splitted into two
peaks (Rabi splitting). The novelty of this paper is that
the phase difference of the two laser beams might indeed
provide a coherent control of both the oscillations for the
atomic emission probability and the Rabi splitting for the
emission spectrum. Finally, some criteria have been pro-
posed to design the active cavity consisting of the 1D-PBG
cavity plus the atom as an active delay line: suitable phase
differences between the two laser beams allow to obtain a
high transmission in a narrow pass band for a delayed
pulse.
There are several possible approaches to the problem of
electromagnetic field interaction with atoms when the e.m
modes are affected by the environment (a cavity, or nearly
walls). It is possible for example to solve the dynamics of
the e.m. field inside and outside the cavity (or walls) at
first, and then to treat the coupling of the atom with the
normal modes (NMs) of the combined system. A second
approach uses the discrete (dissipative) QNMs of the open
cavity rather than the continuous (Hermitian) NMs. In the
QNM treatment, the internal field cavity and the outside
e.m. fields (out of the two sides of the cavity) are coupled
by boundary conditions [22].
This paper proposes a third approach, a mixture of the
first and second ones, in order to successfully blend their
potentialities of analysis. In fact, the canonical quantum
electrodynamics has been applied to express the e.m. field
as a superposition of NMs, while the QNM approach has
been adopted for an open cavity, interpreting the LDOS
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as the local density of probability to excite one QNM of
the cavity. The DOS is related to the boundary condi-
tions of the cavity. Since the e.m. field satisfies incoming
and outgoing wave conditions on the surfaces of the cav-
ity, the DOS depends on the photon reservoir due to the
external pumping. If the cavity is excited by two counter
propagating pumps, the DOS represents the probability
distribution of exiting one QNM of the cavity.
If spontaneous emission processes occur, the two
pumps are modelled as vacuum fluctuations, lying on the
ground state of the e.m. field, and the DOS is only a pe-
culiarity of the cavity geometry. In the case of stimulated
emission, the two pumps are modelled as two laser beams,
lying on a coherent state, so the DOS, besides depending
on the geometry of the cavity, can be controlled by the
phase difference of the two laser beams. These results put
well into evidence how the DOS of an open cavity depends
on the excitation condition of the cavity.
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